Abstract We extend significantly previous works on the Hilbert space representations of the Generalized Uncertainty Principle (GUP) in 3+1 dimensions of the form [X i , P j ] = iF ij where F ij = f (P 2 )δ ij + g(P 2 )P i P j for any functions f . However, we restrict our study to the case of commuting X's. We focus in particular on the symmetries of the theory, and the minimal length that emerge in some cases. We first show that, at the algebraic level, there exists an unambiguous mapping between the GUP with a deformed quantum algebra and a quadratic Hamiltonian into a standard, Heisenberg algebra of operators and an aquadratic Hamiltonian, provided the boost sector of the symmetries is modified accordingly. The theory can also be mapped to a completely standard Quantum Mechanics with standard symmetries, but with momentum dependent position operators. Next, we investigate the Hilbert space representations of these algebraically equivalent models, and focus specifically on whether they exhibit a minimal length. We carry the functional analysis of the various operators involved, and show that the appearance of a minimal length critically depends on the relationship between the generators of translations and the physical momenta. In particular, because this relationship is preserved by the algebraic mapping presented in this paper, when a minimal length is present in the standard GUP, it is also present in the corresponding Aquadratic Hamiltonian formulation, despite the perfectly standard algebra of this model. In general, a minimal length requires bounded generators of translations, i.e. a specific kind of quantization of space, and this depends on the precise shape of the function f defined previously. This result provides an elegant and unambiguous classification of which universal quantum gravity corrections lead to the emergence of a minimal length.
the form:
[X, P ] = if (P ) (1) between position and momentum operators. It is natural to ask why a quadratic Hamiltonian should be a preferred choice in this case. Indeed, as it is wellknown, the Hamiltonian determines (or is determined by, depending on the point of view) the symmetries of the model, and there must then exists a link between the functional form of H, the GCR, and the symmetries. In this paper we show explicitly that such a relation exists. There is in fact an infinite number of ways to write (at least at the algebraic level), the GUP theory of the free particle in 3+1 dimensions, and its symmetries. This ranges from a theory which is basically Quantum Mechanics with a non quadratic Hamiltonian (thereafter referred to as Aquadratic QM, or AQM), to its equivalent GUP (algebraic) representation written above, and even to standard Quantum Mechanics, with quadratic Hamiltonian, standard Galilean symmetries, but acting on modified, momentum dependent space operators X = F (X, P ), reminiscent of Deformed Special Relativity (DSR) models.
This construction is straightforward and rather trivial from the purely algebraic point of view, i.e. as long as one only considers the algebras of operators including the position operator, the momentum operator, and the generators of symmetries (translation, rotations and Galilean boosts). However, when considered as different sets of linear operators acting on different Hilbert spaces, i.e. when one tries to represent these algebras on Hilbert spaces characterising physical states, their equivalence/non-equivalence is non trivial, and difficult to explicitly assess in general, as it requires a thorough study of a well-defined functional calculus on Hilbert spaces. We shall try and lay the basis for such a discussion in the end of the paper, leaving open questions for future work.
In Section 2, we recall the exact definition of GUP theories of the free particle in 3+1 dimensions, and we also provide a generalization of GCRs that encompasses all the modifications found so far in the literature (to the best of our knowledge). We then recall how symmetries are to be built from the Hamiltonian and give the explicit deformation of Galilean symmetries as a function of the GCRs. In Section 3, we then derive explicitly the infinite family of equivalent theories at the algebraic level, emphasising in particular the AQM and the DSR like theories, and paying attention to the properties and the action of boosts.
Finally, Section 4 deals with the question of representations on the Hilbert spaces. We first extend the work of [39] of the GUP representation in momentum space in 3+1 dimensions. We discuss the self-adjointness of the position operators and show how it depends critically on the boundedness or unboundedness of the range (or spectrum) of the translation operators, and therefore on functional properties of the GUP function f . We further show how this impacts the existence or not of a Minimal Length. We then construct the Hilbert space representation of the AQM, and discuss whether such properties transpose to this case. The DSR like model is however left for future works.
Phenomenological implications will thus critically depend on the aforementioned properties of the function f . However, a detailed analysis of simple physical system (e.g. the particle in a box) with respect to these properties are left for a separate publication.
Capital letters are used to denote operators, while lower case letters denote c-numbers. Bold faced symbols denote vectors. Throughout the paper, ψ, φ will denote the appriopriate scalar product on the Hilbert space H between (φ, ψ) ∈ H 2 .
2 3+1 GUP and its symmetries
General Algebra
We start with a yet unspecified Hilbert space H and an algebra of operators X = (X 1 , X 2 , X 3 ) and P = (P 1 , P 2 , P 3 ) on this Hilbert space, representing (in a yet unspecified manner) respectively a 'position' and a 'momentum' operators for a particle living in R 3 . All cases in the literature so far are covered by the following restricted form of the algebra (see e.g. [43, 44, 55] ):
where P 2 stands for P , and g, Z and f are analytic functions of their argument. We also work in natural units where the Planckian momentum is one. Note that the Hilbert space H is unspecified because, as will be seen later, its structure depends strongly on the representation of the above algebra of operators on it. The operators of such an algebra satisfy the Jacobi identities if and only if:
where the prime denotes a derivative of the functions with respect to their argument. In this paper, we further restrict the algebra to what we shall call the "commutative GUP", with [X i , X j ] = 0, i.e. Z ≡ 0. Therefore, the relation (5) fixes one functional degree of freedom, say g:
In the case where f − 2xf ′ = 0, the fact that Z = 0 in fact imposes f = 0, leaving only g = 0 and arbitrary. We discard this case in the following as it cannot reduce to the standard QM in any limit.
Hamiltonian and symmetries
We now want to enrich the theory by supplementing the above algebra with a Hamiltonian H(X, P) describing the dynamics of a particle. The symmetries of the model (defined on the Hilbert space H) will be generated by unitary operators U which leave the Schrödinger equation invariant. This leads to:
Introducing the (Hermitian) generators of the transformations, T i such that U ≡ e iαiTi , this leads to:
The notion of space carried by the operators X i enable us to define a notion of (invariance by) translation and rotations via the correspondence principle. For any state vector ψ ∈ H and its image under the transformation U , ψ ′ = U ψ, we define:
-Translations in space:
where a ∈ R 3 is the translation vector in "classical" space. -Rotations in space:
where R ∈ O(3) is the orthogonal matrix (e.g. in terms of Euler angles) representing the rotation in "classical" space.
In each case, the unitary operators can be written U T = e ia j Πj for translations and U R = e iα j Lj for rotations. Working at first order, we can then determine the Hermitian generators of translation and rotations, Π i and L i , which then obey:
where ǫ ijk is the totally anti-symmetric tensor with ǫ 123 = 1. In that case, it is easy to see, using the algebra for X and P, that the generators of translation is related to the momentum of the particle through 1 :
1 A word of caution: this is valid in 3+1. In one-dimensional GUP of the form [X, P ] = iF 1+1 (P ), quite often considered in the literature, the generator of translations is rather given by
.
Note that this relation must be considered as formal, as long as it has not been shown explicitly that this operator can be properly represented on H; more on that later. With such a relation, we can easily derive two other main equations, namely
Using the generators of translations and rotations introduced above, it is then straightforward to see that any Hamiltonian invariant by translation and rotations (i.e. [H, Π] = 0 and [H, L] = 0), which shall represent the free particle in 3+1, must be of the form
) and the same for Π. This is the form we will adopt hereafter.
On the other hand, time dependent symmetries, corresponding to (Galilean) boosts G i in the case of the free particle, must satisfy
The general solution of Eq. (16) is not easy to determine in general. However, when we further restrict to an operator linear in X, we get the most general solution to be:
where the A ij 's are analytic functions. Note that boost generators linear in the position operator match our expectation of the affinity of space, i.e. of the homogeneity of space. We can define implicitly another Hamiltonian, by using Eq. (14):
Then the boosts can also be written as
where we used the useful formula
3 that can be derived using Eq. (14) . Also, we defined H
The boosts are therefore determined only up to an unknown tensor A ij . This must not come as a surprise. For instance, the Π's are not the only generators that are "translation like". In fact, any function B ij (P)P j are also valid generators of symmetries (since they commute with H). We usually choose in particular the Π's as "true" generators of translation because they are the These two relations are actually compatible, since the 1+1 GUP function can be defined as the contraction of the 3+1 one via
only ones that shift wave-functions ψ(x) → ψ(x + a), which is equivalent to requiring the transformation Eq. (9) on averaged values. But this requires both an Hilbert space representation, and some extra physical input. Moreover, here we simply cannot choose the standard boosts
for it is easily seen that Eq. (19) would then impose H Π = Π 2 /(2m). The theory in this case would be trivial, i.e. standard quantum mechanics but written in terms of a complicated momentum variable. A genuinely deformed theory requires deformed boosts. This is why the correspondence principle here cannot be used at all to fix their form.
So, up to now, boosts are naturally defined only up to some unknown function that we can choose freely. What we have above is the class of boostlike symmetries. To select what we actually call boost requires some further input.
Finally, one may verify, through lengthy but straightforward calculations, that the Jacobi identities between all the X, P, Π, L, G, H, with obvious notations for G, are identically satisfied, thus not providing any more constraints.
Different equivalent algebraic formulations
In this section, we want to emphasise that there exists a degeneracy between the functional form of H, the choice of a "physical" momentum, and the algebra between X and P. Consequently, the boosts are also affected in this change of variable(s). In practice, this means that at the level of the algebra, without further reference to the representation of these algebras on H, we have classes of theories that are indistinguishable from each other, i.e. related by a pure redefinition of the relevant operators 2 . Indeed, let us start with the previous model, i.e.:
with the generators of symmetry:
satisfying a deformed Galilean algebra:
2 Note, that these mappings relating the various algebras of operators are not algebra homomorphisms, due to their lack of linearity, in general.
while the non trivial actions on space and momentum operators are:
Now we define some transformation:
Then it generates another GUP of the same form (see details in the appendix
where the relation betweenf and f is given implicitly bỹ
andg has the same relation tof than g to f . The generators also keep their form:
but whereÃ needs not be related to A (because it only comes as an integration "constant" in the general solution, linear in X, of i ∂ tG = [H,G]. The main point, however, is that we can freely change the Hamiltonian, and it shall simply generates a new function f , or vice-versa. Therefore, the GUP algebra is intrinsically linked to a deformed dynamics in the quantum gravity regime. This is most clearly seen, of course, when one focuses on the transformation from H = P 2 /2m, [X, P] = iδ to a non quadratic Quantum Mechanics [X, Π] = iδ, but with a Hamiltonian given by H(Π 2 ) = Π 2 /2m. This is done in the next subsection.
Aquadratic Quantum Mechanics
One of the most interesting application of the previous results is the following. Choose u(P 2 ) = 1/f (P 2 ) in the change of momentum variables (25) . Then the new GUP, Eqs (27) - (31) is characterised byf = 1 andg = 0.
). Any given f , and any given H(P 2 ) therefore generates a new Hamiltonian in the translation generators. In the very specific case where H(
usually encountered in the literature, the previous relations can be inverted explicitly:
, and thus the aquadratic Hamiltonian is related to the GUP function f by:
which is one of the main results of this paper. This way, one generates a non trivial aquadratic Hamiltonian which is universal. This discussion thus recovers, and enlarges, the discussion found in [21] about universal corrections of quantum gravity via the GUP. In this case, the boost operators take the form:
and
Hence, the boosts sector cannot be standard (in the sense that G = −mX+tΠ) unless:
which clearly imposes H ′′ Π = 0, thus a quadratic Hamiltonian in Π 2 , and a diagonal A ij , i.e., standard Quantum Mechanics. In other words, the only Quantum Mechanics that preserves the standard expression of Galilean invariance is, up to a change of variable, standard Quantum Mechanics. On the other hand, one can obtain a modified Quantum Mechanics provided one deforms the algebra of boosts.
QM on Deformed Space
There is however a way to recover exactly standard QM plus usual Galilean symmetry, starting from the GUP. The price to pay however, is to introduce a momentum dependent space coordinates, very much like in the spirit of DSR theories (here we somehow deal with its quantum version; note that this is a loose analogy and by no means a proven link between this form of GUP and DSR).
Once again, one starts from the standard GUP as described above. Also, consider that H = P 2 /2m as usual in the literature (if not, change f →f such that it is the case). Then, define A ij such that:
Using some formulae like
and defining new coordinates:
one gets a standard boost operator:
All calculations done, one then obtains an equivalent model with:
and:
Moreover, one can show that
This is just standard, Galilean, quantum mechanics on deformed, momentum dependent, space coordinates. Note, however, that this equivalence would be greatly challenged in presence of an interaction potential involving the position operator.
Short Summary
We have shown that, at the algebraic level, there exists a degeneracy between the choice of Hamiltonian, H and the choice of the momentum operator, thus impacting the structure of the boost sector of the theory. The complicated, quadratic GUP with non-trivial boosts and GCR can always be cast in the form of aquadratic Quantum Mechanics with Π-dependent boosts, standard commutation relations, but aquadratic Hamiltonian. On the other hand, by changing X and not P this time, we can also cast any GUP in the form of pure quadratic Quantum mechanics with exact Galilean symmetries, but on momentum dependent space operators. The case of a more general Hamiltonian that would describe a particle in some force field H(X, P ) is more involved, and we expect, as some sort of quantum generalization of Darboux theorem, that such transformations always exist as well in this case, although their explicit form may be difficult to write down in general.
Hilbert space representations
The previous study of algebraic properties of the GUP is valid at the formal level of algebra, but might present some complications when the objects considered are represented as linear operators on some Hilbert space, in particular because functional calculus must be used 3 , and the domains of the newly formed operators must be carefully studied.
In this section, we will concentrate on the Hilbert space representations of the first two cases considered previously: GUP in the standard form (modified algebra with standard Hamiltonian) and aquadratic Quantum Mechanics, leaving the third case, i.e. Galilean Quantum Mechanics on deformed space, for future work. In the following, we will always assume that operators on the Hilbert space H are closed (necessary to be able to use functional calculus) and densely defined (necessary to be able to speak about the adjoint of an operator).
Standard 3+1 GUP : Hilbert space representation
This section generalizes Kempf et al. representation in 3+1 dimensions [39] . This means that we work in the momentum representation, for some function F ij and H = P 2 /2m. Then the position and momentum operators are represented by:
One may check that [X i , X j ]ψ(p) = 0 is satisfied because of the specific form of F ij , F ij = f δ ij + gp i p j . Now, we shall assume that the P's are self-adjoint. This might seem trivially true because they are multiplication operators, but it holds only if their spectrum is the full space R 3 ); more on this below. On the other hand, the X i 's are made symmetric 4 provided the following scalar product is used:
The Hilbert space is thus :
i.e. the vector space of square integrable (complex) functions defined on R 3 with an unconventional integration measure
det F , provided of course that the 3 Functional calculus basically means making sense of functions of operators. 4 A symmetric operator A on a Hilbert space H is a linear operator which is defined on a domain dom(A) which is dense in H and such that: ∀(x, y) ∈ dom (A) 2 , Ax, y = x, Ay . measure is itself well-defined on R 3 . This depends on the precise shape of the chosen function f , since we have det F = f 4 /(f − 2p 2 f ′ ). For now, we shall thus assume that 1/ det F does not vanish nor diverge anywhere except maybe at infinities (see also the concluding remarks). Then P are selfadoint on R 3 . The previous claim is easily proven by computing first:
where we used the partition of unity:
Integrating by parts, one gets:
The last term is zero because
vanishes. Indeed, using det F = exp(tr ln F ), we have
Self-adjointness of the X operator and existence of a minimal length
Although they can be made symmetric, as emphasized in [39] , the X operators need not be self-adjoint in general 5 . Recall that it is necessary to have selfadjoint operators in order to be able to apply the spectral theorem to them. Moreover, as we shall see below, self-adjointness (or lack thereof) is a crucial property with respect to the existence or not of a minimal length in these models.
The self-adjointness of X actually strongly depends on the choice of the function f , as we now show. We follow closely arguments provided in [36] . To this end, we use the von Neumann method of deficiency indices. By definition, the deficiency subspaces for each k ∈ {1, 2, 3} are [64, 50] (see e.g. [15] for an introduction to the use of this result):
Here D refers to the domain of the operators considered. The deficiency indices n k,± are the dimensions of L ± k . A symmetric operator is self-adjoint iff its deficiency indices are both zero. Using the formulas above, we find that
(54) Deficiency spaces are thus spanned by functions that are normalizable and solutions of:
The only solutions are found using the generator of translations and Eq. (15):
for each k, and where c ∈ C. These states have a norm given by
after a change of variable p i → π i which we assume to be smooth enough. While the range of integration over the p i 's is R 3 because P are self-adjoints on H, it needs not be the case for the range of the π i 's.
More precisely, the deficiency indices n k,± for each k ∈ {1, 2, 3} are zero (i.e. the operators X k are self-adjoint) provided these functions are not normalizable, i.e. if and only if the π k 's diverge when the p k 's do. In 1+1 dimension, this requires that π is in a one to one relationship from R to R, while in 3+1, this is is equivalent to say that the π 2 , as a function of p 2 , is in a one to one relationship from R + to R + . In this case, the X k operators are essentially self-adjoint. On the contrary, if the π k (p)'s are bounded functions, the X k 's operator are not self-adjoint 6 .
Minimal length and the function f in the GCR
In order to illustrate the previous section, let us go back to the specific case considered in [39] , i.e. the standard one dimensional GUP with [X, P ] = i 1 + βP 2 , we have:
as an operator-valued relation, defined by a functional calculus of the self adjoint operator P . Therefore, the spectrum of Π, which is also the range of the function π(p), is bounded from above and below. In this case the deficiency 6 These are the only two possible cases. Indeed the relation indices are (1, 1) , and thus the X operator is not self-adjoint but admits selfadjoint extensions; see [36] . It is pretty clear, both intuitively and formally, that this also implies a minimal length. Indeed, since [X, Π] = i, we have ∆x∆π ≥ 1/2, but the existence of a maximal π max imposes ∆π ≤ π max , and thus a minimal length ∆x ≥ 1 π max (59) This holds in general (and also in 3+1). Indeed, for any normalized state ψ.ψ = 1, the mean value of Π 2 reads
In turn, a bounded value for the translation operator signifies a minimum amount of permissible translations, i.e. a kind of quantization of space. As mentioned in the introduction, this has been discussed in specific contexts in particular in [4, 23] . Here we have shown that these ideas are very general, and we see that the key element to know whether this holds is the range of the generators of translations as functions of the physical momentum.
On the other hand, (and still in 1+1), a self-adjoint position operator requires Ran(π) = Ran( p dp ′ /F 1+1 (p ′ )) =] − ∞, +∞[. In this case, it is always possible to construct physical states (i.e. states that belong to H) such that their ∆x → 0, see [39] . These GCRs thus do not imply a minimal length.
In 3+1, the criteria is also about the range of the π i 's, and thus actually about the range of the function π 2 as a function of p 2 . What is relevant there is whether the function x/f 2 (x), defined on R + , diverges or converges at infinity.
Aquadratic Quantum Mechanics : Hilbert space representation
We now ask ourselves whether the theory obtained by the Hilbert space representation of the Aquadratic Quantum Mechanics has any chance to be equivalent to the previous theory. This is not obvious a priori. The issue is not settled yet if a potential is also present, but holds for the free particle as we now show. Let us give the basics of such a representation.
From the Stone-von Newman theorem, the representation of [X k , Π l ] = iδ kl is unique up to a unitary transformation. We thus basically have standard Quantum Mechanics representation with:
in the position space representation. Thus X and Π are self-adjoint, and their spectra are R 3 . This seems to be in contradiction with the previous section, where we found that the translations can have maximal eigenvalues. However, we now introduce a non quadratic Hamiltonian H Π (Π 2 ) into the theory, which will further restrict the space of physical states. Since Π 2 itself is self-adjoint on some relevant domain, the Hamiltonian H Π can thus be defined by a functional calculus, depending a bit on its injectivity properties. The key ingredient here is thus the restriction of the space of physical states for which H Π .ψ are both defined and normalizable (if not, we could not write down the Schrdinger equation). By definition, we have
and thus, in the case where H Π has a bounded domain of definition, we have to restrict accordingly the range of the above integral. Therefore the space of physical wave-functions can no longer be defined on the whole set π ∈ R 3 , but only ] − π max , π max [ 3 where the aquadratic Hamiltonian is itself defined 7 . This implies in turn ∆π ≤ π max . For instance, in the standard one dimensional GUP, one gets, using Eq. (58):
The dynamics can thus only be defined on the domain ]−
[, where, for once, π here is the actual number 3.14 etc. and not the generator of translation.
More generally, the link with the previous section should now be clear. Because we have the following relation between the translation operators and the physical momenta,
we see that having the π 2 (p 2 ) ranging from ] − π max , π max [ is actually equivalent to having an Aquadratic Hamiltonian H Π defined only on the cube ] − π max , π max [
3 or an open subset of that cube, hence resulting in an upperbound on the generator of translations which, in turn, leads to a minimal length, as seen previously.
We thus see that here, the minimal length emerges, not from modified commutation relation, but rather from the requirement that the Hamiltonian is a well-defined operator on the set of physical states which then becomes a subset of the original permissible Hilbert space. 7 We also have to check that H Π .ψ are normalizable. This requires the convergence of
In the case of a minimal length, or bounded π, the Hamiltonian may diverge at the boundaries, and thus physical states must vanish fast enough near ±πmax.
If one now wishes to go the other way around, ie. from AQM to the standard GUP, this is sighlty more involved. Indeed, although Π are self adjoint on R 3 , they cannot be self adjoint anymore on the restricted Hilbert space of the physical states that must have bounded eigenvalues π i 's. This is similar to what happens in the quantum mechanics of a particle in a box, where the position operator is not self adjoint anymore but admits self adjoint extensions. Hence, in order to go from AQM to the GUP, one would first need to consider the self adjoint extensions of Π, and then, and only then 8 , define by a functional calculus the physical momenta P's via the inversion of Eq. (14).
Conclusion
In this paper, we have derived an algebraic equivalence between the standard 'commutative GUP with a quadratic Hamiltonian and an infinite number of different algebraic structures, and showed explicitely how symmetries transform accordingly.
In particular, we showed how the standard GUP can be recast in the form of a standard Heisenberg algebra, provided one switches to an aquadratic Hamiltonian. In either cases, the (Galilean) boosts must be non-standard, otherwise the theory reduces to the usual Quantum Theory of the free particle, possibly written in non-standard variables. A non-trivial theory thus impose energy (ie. momentum) dependent boosts, implying somehow that different observers see different spacetimes, as in DSR phenomenology. We made this point very clear when we showed that the theory can be written, at least at the algebraic level, as standard quantum mechanics but in terms of momentumdependent space 'coordinates' (operators, in fact).
Furthermore, we studied conditions under which such an algebraic equivalence can be maintained once one tries to represent these algebras on a given Hilbert space of physical states. Such a result would amount to showing that all these representations are equivalent up to a unitary transformation. This is a non trivial statement, and therefore we have limited ourselves to whether or not a given algebraic formulation of the GUP displays a minimal length scenario. Indeed, we have provided some necessary and sufficient conditions in order for a standard GUP and the corresponding aquadratic QM to both lead to a minimal length. Specifically, we have shown that the key property that needs to be elucidated in any given model is the relation π(p) between the eigenvalues of the generators of translations and the eigenvalues of the physical momentum of particles. This relation actually determines everything else, ie. both the aquadratic Hamiltonian in the AQM framework, or the GCRs in the GUP framework, but also the spectral properties of the X operators, and thus the presence or not of a minimal length and/or of a minimal translation.
Because of this result, there are only four main cases from a mathematical point of view, all of them describing quite different qualitative physics. In order to make this conclusion simple enough, we restrict here to the one dimensional case (but generalization has been shown to be straightforward). In this paper, we have mainly focussed on these first two cases:
1. π(p) is one-to-one from R to R; or 2. π(p) is one-to-one from R to ] − π max , π max [. In particular, we have assumed that P is self adjoint on the real line. In the first case, we showed that Π and X are self-adjoint on R and that there is no minimal length in the theory. Also, H(π) is well-defined on the whole of R and does not diverge at any finite value of π. In the second case, where translations are bounded from above, X turns out not to be self-adjoint: it has deficiency indices (1, 1). A minimal length appears, and H diverges at the boundaries ±π max .
There are however two other cases that would deserve some more work, ie. the cases where the spectrum of the physical momentum is itself bounded ] − p max , p max [. As we discussed above, these cases manifest themselves when discussing the well-posedness of the measure d 3 p/ det F on the Hilbert space. In particular, this happens if the GUP function f is defined only on some finite domain; eg. f = 1 + x/(1 − x 2 ). Following our reasoning so far, we may conjecture the following results:
3. π(p) is one-to-one from ] − p max , p max [ to R, ie. somehow the opposite of case 2. Then we expect Π and X to be self adjoint, but not P . There is no minimal length, but a bounded momentum and Hamiltonian.
of these operators are self-adjoint. The theory exhibits a minimal length, a maximum momentum and energy.
These statements should however be studied in more details. As a matter of fact, as discussed at the end of the last section, we recall that a functional calculus can only be defined on self-adjoint (or normal) operators. Therefore self-adjoint extensions must be first considered before making sense of Eq. (14) . This is why we have restricted ourselves to the first two cases, and leave these two last for future works. Finally, we remark that if π(p) is multivalued, then the possiblity of inverting this relation requires to restrict the study to relevant intervals on which we always get back to one of the previous cases. Each interval defines a separate physics.
From the point of view of phenomenology, this means that the De Broglie formulae must be modified, such that these four cases would naturally describe the following different properties for a wave carrying quanta (bearing in mind, of course, that the GUP presented here is non relativistic): -In case 1, a wave can have λ → 0 when its quanta have infinite energy p → ∞; -In case 2, a wave is such that λ → 1 when its quanta have energy p → ∞; -In case 3, a wave can have λ → 0 when its quanta have energy p → 1; -In case 4, a wave is such that λ → 1 when its quanta have energy p → 1; in natural units, and up to numerical factors.
Besides the last two cases that we discussed briefly in this conclusion, the rest of the work presented here would also need to be further studied when a potential is present, and/or when space coordinates do not commute anymore. Also, the Galilean Quantum Mechanics with momentum dependent position operators deserves to be studied on its own for its potential link to DSRlike physics. As mentioned in the introduction, the physical consequences of these quite different behaviours in the UV are to be discussed in a separate publication, with a comprehensive analysis of the particle in a 3D box given any function f . Of particular interest here are the questions of discretization of space, finiteness of the Hilbert space, holographic properties, and effective spectral dimension of the theory. A Derivation of Eqs (27)- (31) We have:
= iuf δ ij + i ug + 2u ′ (f + gP 2 ) P i P j
= i f δ ij +gP iPj .
By identification then:f
And the relation betweenf andg must be checked. For this, note that we havẽ
Thus dP 2 dP 2 = u 2 + 2P 2 uu ′
Now we should haveg = 2ff ′ /(f − 2P 2f ′ ) where ′ here refers to d/dP 2 . Compute
Simplify:
Finally, given the unchanged functional form of the GCR, andH, it is necessary that the boosts conserve their form, and the same apply to the computation of [X,G], [P,G], etc.
